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Introduction
Algebraically, for integers 2 ≤ e 1 , e 2 , e 3 ≤ ∞, the triangle group (e 1 , e 2 , e 3 ) is defined by the presentation x, y | x e 1 = y e 2 = (xy) e 3 = id .
A triangle group is called arithmetic if it has a unique embedding to SL 2 (R) with image either commensurable with P SL 2 (Z), which is isomorphic to (2, 3, ∞), or derived from an order of certain indefinite quaternion algebra over a totally real field, see [30, Section 3, Defn. 1]. Arithmetic triangle groups have been classified by Takeuchi [30] , [31] . Given an arithmetic triangle group Γ, its action on the upper half plane, H, via linear transformations yields a quotient space. This space is a modular curve when at least one of e i is ∞; otherwise, it is a Shimura curve. While modular curves parametrize certain isomorphism classes of elliptic curves, Shimura curves parametrize isomorphism classes of certain 2-dimensional abelian varieties with quaternionic multiplication [27] , [28] . Recently, Yang has computed explicitly automorphic forms on Shimura curves in terms of hypergeometric series [38] . Based on that Yang and the fifth author obtained explicit algebraic transformations of hypergeometric functions [32] . Each arithmetic triangle group can be realized as a monodromy group of some ordinary differential equation (ODE) satisfied by an integral of the form
with N, i, j, k ∈ Z. Wolfart realized these integrals as periods of the generalized Legendre curves
where λ is a constant and N, i, j, k are suitable natural numbers [34] . In this paper, we assume that 1 ≤ i, j, k < N . We additionally assume N ∤ i + j + k, so that the generic abelian subvarieties that we extract from the smooth models of C To prove this, we use results of Wolfart [34] and Archinard [4] , [3] to compute the periods of J new λ and then use a result of Wüstholz [35] on periods and decompositions of abelian varieties. When N = 4, 6, we prove that the Beta quotient is necessarily algebraic by a different method. It involves computing the Galois representations attached to J new λ via Greene's Gaussian hypergeometric functions [14] and a result of Yamamoto [36] on Gauss sums.
In [25] , Petkoff and Shiga give a family of 2-dimensional abelian varieties A ′ (λ) over the Shimura curve for the arithmetic group (3, 6, 6) such that for each λ ∈ Q, the endomorphism algebra End 0 (A ′ (λ)) = End(A ′ (λ)) ⊗ Z Q contains −3,2 Q . We give a different construction of a one parameter family of abelian varieties with the same property using the primitive part of J [6;4,3,1] λ . Our methods apply more generally. We use it to treat a few other cases in later sections.
Preliminaries
2.1. Notation. Let F be a number field, F its algebraic closure, and G F := Gal(F /F ) the absolute Galois group of F . The Galois representations in this paper are continuous homomorphisms of G F to finite dimensional linear groups over fields like Q ℓ which we assume to be algebraically closed. Such a Galois representation is said to be strongly irreducible if its restriction to any finite index subgroup of G F remains irreducible. We use ζ N to denote a primitive N th root of unity. Let F q denote the finite field of size q, F × q the group of all multiplicative characters χ on F × q , and ε the trivial character. By convention, we let χ(0) = 0 so that we can view χ over F q .
2.2. 2 F 1 -hypergeometric functions and triangle groups. The 2 F 1 -hypergeometric function for |λ| < 1 is given by
It is a solution of the Hypergeometric Differential Equation (HDE), denoted by HDE(a, b; c; λ)
This differential equation is a Fuchsian differential equation with 3 singularities 0, 1, ∞. When
; λ is another independent solution of HDE(a, b; c; λ). For details of hypergeometric functions see [2] , [7] , [29] . In this paper we assume a, b, c ∈ Q. One can construct a representation of the fundamental group π 1 (CP 1 \ {0, 1, ∞}) → GL 2 (C) from HDE(a, b; c; λ) which is determined up to conjugation, see [39] . The image is called the monodromy group of HDE(a, b; c; λ), and is a triangle group. The following theorem of Schwarz (see [39] ) gives an explicit correspondence between a hypergeometric function and a Schwarz triangle ∆(p, q, r) with p, q, r ∈ Q. Each ∆(p, q, r) is the symmetry group of a tiling of either the Euclidean plane, the unit sphere, or the hyperbolic plane (depending on whether p + q + r is equal to, greater than, or less than 1, respectively) by triangles with angles pπ, qπ, and rπ. We would like to emphasize that "∆(p, q, r)" is different from the triangle group (e 1 , e 2 , e 3 ) as e 1 , e 2 , e 3 are the denominators of p, q, r when they are written in lowest terms as rational numbers.
Theorem 2. (Schwarz) Let f, g be two independent solutions to HDE(a, b; c; λ) at a point z ∈ H, and let p = |1 − c|, q = |c − a − b|, and r = |a − b|. Then the Schwarz map D = f /g gives a bijection from H ∪ R onto a curvilinear triangle with vertices D(0), D(1), D(∞), and corresponding angles pπ, qπ, rπ.
The corresponding triangle group is (6, 3, 6) ≃ (3, 6, 6).
2.3. Generalized Legendre Curves. When c > b > 0, a formula of Euler (see [2] ) says
The restriction c > b > 0 is to ensure convergence and can be dropped if we take the Pochhammer contour γ 01 as the integration path [17, 40] . If b, c − b ∈ Z, which we assume below, then the integral above satisfies
and is a period of an algebraic curve, depending on a, b, c. As (1 − e 2πib )(1 − e 2πi(c−b) ) ∈ Q, we will use (2) to compute the periods below as our criterion lies in the algebraicity of the ratio of two certain periods. Following Wolfart [34] , for λ = 0, 1, the curve containing this period can be given by the smooth model of C
where N is the least common denominator of a, b, and c, and the integers i, j, k are defined by
a generalized Legendre curve. It is an N -fold cover of CP 1 which ramifies at 0, 1, ∞, and
In this paper we assume 1 ≤ i, j, k < N , N ∤ i + j + k, and gcd(i, j, k) is coprime to N .
Using the conversion between (a, b, c) and (i, j, k, N ), we can write |π. In this paper, we will exclude the possibility that that the sum of these three angles is 0 or π. . The genus of X(λ) is given by (see [3] )
Let ζ ∈ µ N , the multiplicative group of N th roots of unity. For X(λ), the automorphism induced by
plays a central role; it induces a representation of Z/N Z on the vector space H 0 (X(λ), Ω 1 ) of the holomorphic differential 1-forms on X(λ).
Holomorphic differential 1-forms on
. Most of the discussion here can be found in [3, 34] . A basis of H 0 (X(λ), Ω 1 ) is given by the regular pull-backs of differentials on C
satisfying the following conditions equivalent to the pullback of ω being regular at 0, 1,
For each 0 ≤ n < N , we let V n denote the isotypical component of H 0 (X(λ), Ω 1 ) associated to the character χ n : ζ N → ζ n N . Then the space H 0 (X(λ), Ω 1 ) is decomposed into a direct sum
If gcd(n, N ) = 1, the dimension of V n is given by dim
, where {x} = x − ⌊x⌋ denotes the fractional part of x, see [3] . Furthermore,
The elements of V n with gcd(n, N ) = 1 are said to be new. The subspace
V n is of dimension ϕ(N ), Euler's totient function of N . is isomorphic to an abelian subvariety of J λ . Let J new λ be the primitive part of J λ so that its intersection with any abelian subvariety isomorphic to J [n;i,j,k] λ for each n | N is zero. Archinard [4] showed that the dimension of J new λ is ϕ(N ) when N ∤ i + j + k; it can also be seen from the discussion in §2.4.
2.7.
Gauss sums and the Gamma function. Here we will recall some results of Yamamoto [36] . For any Dirichlet character χ modulo p, define the Gauss sum g(χ) over F p by
Recall that the Jacobi sum of two characters χ 1 , χ 2 is
. (Note that these definitions differ by a sign from those in Yamamoto [36] .) Gauss sums (resp. Jacobi sums) are analogues of the Gamma function (resp. Beta function) over finite fields. For instance, one can compare (6) with the integral formula for the Beta function. They also satisfy similar functional equations.
which is the analogue of the reflection formula for Γ(·)
The Hasse-Davenport relation for Gauss sums can be written as
where a ∈ Z, M is any even integer that divides p − 1, ℓ divides M , and χ is an order M Dirichlet character modulo p. We note that this differs by a factor of (−1) ℓ from Yamamoto (see (2) in [36] ) due to our choices of Gauss and Jacobi sums. This is an analogue of the multiplication formula for Γ(·),
In [36] , Yamamoto proved a conjecture of Hasse which says the following:
and (9) are the only two relations connecting the Gauss sums g(χ) for χ ∈ F × p satisfying χ M = ε, when considered as ideals in the ring of algebraic integers.
In [37] , Yamamoto classified additional relations between Gauss sums due to sign ambiguity, which do not occur in any of our settings.
In comparison, for any integer i coprime to M and any χ ∈ F × p of order M , we have the following "analogy"
) is a character, by which we mean it is a homomorphism from the group of order M characters in
can be reduced to a character using only the relations (7) and (9) . By (9), when g(χ ℓa )
is a character, then (10) says that
is algebraic. Thus if (7) is needed to reduce
character which is of norm one, then it will be used equally many times on the denominator and numerator. Thus, one will use the reflection formula (8) equally many times on the denominator and numerator of B(
, which yields that the Beta ratio is algebraic.
Example 2. Let p ≡ 1 (mod 10) be prime and η ∈ F × p of order 10. Then
This can be deduced from [9, Chapter 3] or from (7) and (9) . In comparison
3. Counting points on generalized Legendre curves 3.1. Preliminaries. Let p be an odd prime and q = p s . We recall the 2 F 1 hypergeometric function over F q :
Theorem 6 ([14], Thm. 3.6). Assume notation as above. Then,
where
Proof. By Theorem 6,
Then the Lemma follows from the relation between Jacobi and Gauss sums, in particular
As an immediate consequence when C = ε, we have the following corollary.
We are now ready to prove one of the key results that we will use later.
Proof. The key ingredients of this proof are the transformation formulas Theorem 4.4 parts (i) and (iv) in Greene's paper [14] and the identity in Lemma 7. Greene's formulas are stated as
For λ = 0 and 1, from the transformation formulas, we have
By Lemma 7 and the fact J(A, C)J(A, C) = J(B, C)J(B, C) = q, one has
Our claim follows from the fact that 
the similar discussion for the other two singularities 1, 1 λ .) Now we will resolve the singularity of t N = s n f (s) at s = 0. By the division algorithm, there are two integers u, v such that N u − nv = gcd(N, n). Letting t = w u and s = w v , t N = s n f (s) can be rewritten as w gcd(N,n) = f (w v ). Over a finite field F q and when s = 0, i.e. w = 0, the point (s, y) = (0, 0) is resolved to #{w ∈ F q | w gcd(N,n) = f (0)} points. We let n 0 , n 1 , n ∞ , n 1 λ denote this number at the corresponding singularities. For instance, n 0 = #{w ∈ F q | w gcd(N,i) = 1}.
Counting points on X
[N ;i,j,k] λ over finite fields. There are multiple ways in which one can use Gaussian hypergeometric functions to count points on varieties, and they are related to coefficients of various modular forms including Siegel modular forms [1, 8, 12, 13, 18, 19, 23, 24, 33] . For our purposes, we use a technique similar to one shown in [33] . First, recall the following wellknown and useful lemma:
where the sum runs over all characters χ ∈ F × q whose order divides n. Also, note that
where χ is any order gcd(N, i) character of F × q . There are similar formulas for n 1 −1, n 1 λ −1, n ∞ −1.
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Theorem 11. Let p > 3 be prime and q = p s ≡ 1 (mod N ), and let i, j, k be natural numbers with
where n 0 , n 1 , n 1 λ , n ∞ are as before.
Proof. At infinity, there are n ∞ points which correspond to 1 x = 0. There are an additional n 0 + n 1 + n 1 λ − 3 points from other singularities. Thus,
Now we apply Lemma 10 to the first sum, recalling that ξ is of order N .
Meanwhile, using Definition 5, we have 3.4. Galois representations. For simplicity, we assume λ ∈ Q here. One can construct a compatible family of degree-2g representations
via the Tate module of the Jacobian J
. We now let ℓ be a fixed prime. Recall that g is the genus of X
From previous discussions,
where * means we disperse the formulas for n 0 − 1, n ∞ − 1, n 1 − 1, n 1 λ − 1 like (11) to summands corresponding to the characters involved. We assume that N ∤ i + j + k.
as well as the representation space W of ρ, which will be denoted by A * ζ for simplicity. Thus W also decomposes into isotypic spaces W m of A * ζ for each character χ : ζ N → ζ m N . As A * ζ is defined over Q(ζ N ), the restriction of ρ to H = Gal(Q/Q(ζ N )) decomposes into a direct sum ⊕ is not a CM field, we know ρ new = Ind
is an induction with σ 1 being absolutely irreducible for almost all primes ℓ. It is enough to fix one such ℓ to proceed.
Below we will separate the sub-representations σ m by twisting the corresponding generalized Legendre curves.
Proposition 13. Given the notation above, suppose λ ∈ Q where End 0 (J new λ ) is not a CM field and is of degree 2ϕ(N ), p is unramified for ρ such that λ ≡ 0, 1 (mod p), and p splits in Q(ζ N ). Then, when (m, N ) = 1, the values −Trσ m (Frob q ) and
Now consider the family of twisted curves
). Let ρ m denote the ℓ-adic representation corresponding to X m (λ) over Q ℓ . It has a degree-2ϕ(N ) primitive part ρ new m , which is also induced from a degree-2 representation σ 1,m of G Q(ζ N ) . We can assume σ 1,m is strongly irreducible. As σ 1,m and σ 1 are both strongly irreducible and are isomorphic when they are restricted to G F , they differ by a character χ m of G Q(ζ N ) with kernel G F (see [11] 
. From the counting points on finite field perspective,
Since ξ has order N and by the choice of c, ξ(c) is a primitive N th root of unity. Meanwhile, we can also compute the same quantity using ρ new As N ∤ i + j + k, for a generic choice of λ in a totally real field both σ m and σ N −m are strongly irreducible. Below, we summarize a result in [5] on 4-dimensional Galois representations with Quaternionic Multiplication. Previous discussions on this topic include [6, 15] . Proof. Let p > 5 be a prime that is congruent to 1 modulo N . Then by the previous two results and Proposition 9, for any η ∈ F × p of order N , J(η −k , η (i+j+k) )/J(η i , η j ) has to be a character. Our claim follows from Proposition 4. 
which are two independent solutions of the HDE(a, b; c; λ) when c is not an integer. When N = 3, 4, 6, (Z/N Z) × = {1, N − 1}. In this case,
are differentials of J new λ of the second kind. (14) and (15) we get
By Euler's transformation formula
Similarly τ ′ N −1 is related to τ 1 as
Thus we have
. Therefore,
Theorem 17. (Wüstholz [35] ) Let A be an abelian variety isogenous over Q to the direct product A
k of simple, pairwise non-isogenous abelian varieties A µ defined over Q, µ = 1, . . . , k. Let Λ Q (A) denote the space of all periods of differentials, defined over Q, of the first kind and the second on A. Then the vector space V A over Q generated by 1, 2πi, and Λ Q (A), has dimension
.
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This version of Wüstholz's result is given by Cohen in [26, Appendix] . Assume that λ ∈ Q and J new λ does not admit CM. In this case, Theorem 17 implies that for the 2-dimensional abelian variety J new λ , its periods of the first and second kinds plus 1 and 2πi span the vector space of dimension 10 (or 6) over Q. When
is an algebraic number, the dimension is less than 9 as τ 1 and τ ′ N 1
(resp. τ ′ 1 and τ N −1 ) are algebraic multiples of each other. Assuming non-CM, the dimension has to be 6. This happens if and only if J new λ is either a direct sum of two elliptic curves, in which case End 0 (J new λ ) is a matrix algebra, or J new λ is a simple abelian variety whose endomorphism algebra is a division algebra. In either case, the endomorphism algebra is a quaternion algebra.
4.2.
A few remarks. Independent of Theorem 17, one can conclude for the cases when N = 4, 6, that if End 0 (J new λ ) contains a quaternion algebra for a generic λ ∈ Q, then the Beta quotient is algebraic. By the previous discussion, σ 1 and σ N −1 , whose traces can be computed by Gaussian hypergeometric functions, always differ by a character, which yields an algebraic Beta quotient by Yamamoto's result. The useful fact for us is that for general N we can compute dim Q V J new λ for a generic λ ∈ Q using Galois representations.
So far, we cannot tell the decomposition of J new λ using Galois representations. However, the period matrix can be used to determine the endomorphism algebra and the decomposition of J new λ , which will be discussed next.
Periods and endomorphisms
We now assume that 1 (2) 
and σ n is the element of Gal(Q(ζ N )/Q) such that σ n (ζ N ) = ζ n N . In particular, when N < i+ j + k < 2N , the holomorphic differential 1-forms are given by ω n = dx/y n with (n, N ) = 1. This means the lattice Λ(λ) can be identified with the Z-module generated by the 2ϕ(N ) columns
for i = 0, . . . , ϕ(N ) − 1. For n = 1, N − 1, the periods can be computed as before. Similar computation applies to each n with (N, n) = 1. Furthermore, if i + j = N , a period matrix of the complex tori C ϕ(N ) /Λ(λ) can be written as the ϕ (N )-by-2ϕ(N 
where the indices n, and i run over all (N, n) = 1, and 0, · · · , ϕ(N ) − 1, respectively. , the corresponding period matrix is given by
; λ ,
and β 1 β 2 = 2. From this, we can see that the endomorphisms
are contained in the End 0 (J new λ ). For a generic choice of λ ∈ Q (non-CM case), these two generate
In view of the Gaussian hypergeometric functions, we have for any prime p ≡ 1 (mod 6) and
where η is a character in F × p of order 6 with η(0) = 0. This equality follows by Proposition 9 and [9, Chapter 3].
In general, when N = 3, 4, 6, a period matrix of C 2 /Λ corresponding to J new λ is given by
, where
and α(λ), γ are the same notations in equation (16) . Thus, if β ∈ Q then End(J new λ ) contains the endomorphisms
Furthermore, it contains the quaternion algebra defined over Q generated by
6. 2-dimensional abelian varieties related to (3, 6, 6) Now we compare our result with a discussion in [25] for (3, 6, 6) . We note our notation differs from [25] by changing s 2 to s. Consider the family of Picard curves
which are isomorphic to C(s) :
The Jacobians of these genus 3 Picard curves decompose into a direct sum of a CM elliptic curve E ′ (s) and a genus 2 curve A ′ (s) such that for each s ∈ Q \ {0, 1}, End 0 (A ′ (s)) contains −3,2 Q (see 15 [25] ). In other words, one can take A ′ (s), up to isogeny, to be the family of genus 2 curves with QM by −3,2 Q above the Shimura curve for (3, 6, 6) .
In [25] , it is shown that the holomorphic differential ; s .
and Jac(X
where for µ = e 2πi/3 ,
are both CM elliptic curves, but not isomorphic over Q(s) in general. We then claim that
Theorem 18. Let s ∈ Q, ℓ be prime, and ρ, ρ ′ the 4-dimensional ℓ-adic Galois representations of G Q arising from A(s) and A ′ (s), respectively. If both ρ and ρ ′ are absolutely irreducible, then they are isomorphic.
Proof. If both ρ and ρ ′ are absolutely irreducible, it suffices to check that they have the same trace at Frobenius Frob p for almost all unramified primes p > 2. When p ≡ 2 (mod 3), we see that the traces of Frob p are both zero by the way the algebraic curves y 3 = (x 2 − 1/4) x 2 − s/4 , and y 6 = x 4 (1 − x) 3 (1 − sx) are presented, and using the fact that y → y 3 is a bijection on F p . Now we assume p ≡ 1 (mod 3). From the same point-counting technique that we used in §3, it is sufficient to show that for any η ∈ F × p of order 6,
). Both ρ and ρ ′ are induced from 2-dimensional Galois representations of H, i.e. ρ = Ind G H σ and ρ ′ = Ind G H σ ′ , for some 2-dimensional Galois representations σ and σ ′ of H. It suffices to check that upon choosing the right σ and σ ′ among conjugates, Trσ(Frob p ) = Trσ ′ (Frob p ). In our setting, the claim to be established is ; s , which was a minor error.
From this argument, (18) will be a consequence of
To verify (20) modulo p, it suffices to observe that the constants of ((x − 1/4)(x − s/4)) (p−1)/3 and ((x 2 − 1/4)(x 2 − s/4)) (p−1)/3 agree, and then prove that the (p − 1)st coefficients of ((x 2 − 1/4)(x 2 − s/4)) (p−1)/3 and (x 4 (1 − x) 3 (1 − sx)) (p−1)/6 agree modulo p, which is proved in Lemma 19 below.
Lemma 19. Let p ≡ 1 (mod 3) be prime. The (p − 1)st coefficients of ((x 2 − 1/4)(x 2 − s/4)) (p−1)/3 and (x 4 (1 − x) 3 (1 − sx)) (p−1)/6 agree modulo p.
Proof. Let f (x), g(x) be defined as in (18), and consider the integer m = (p − 1)/6. Using the binomial theorem, we see that
The (p − 1)st coefficient of f (x 2 ) 2m occurs when i = m − j, and is thus
and the (p − 1)st coefficient of g(x) m occurs when i = m + j, and is thus
Thus it suffices to show that (3m)!m! ≡ (2m)! 2 −1 4 m (mod p). Equivalently, we claim that
To verify this, observe that since 6m = p − 1, 
1
; λ , τ
) is a matrix algebra as J new λ is isogenous to two elliptic curves.
From the Galois representation perspective, this case is analogous to the discussion of 4-dimensional Galois representation admitting QM over a quadratic field in [5] . A special case which arises from a 4-dimensional Galois representations attached to noncongruence modular forms was discussed in detail in [21] . The family of elliptic curves y 2 + xy + . The quaternion algebra H Γ corresponding to (2, 6, 6 ) is the indefinite quaternion algebra defined over Q with discriminant 6. For the subvariety J new λ , the lattice Λ(λ) is generated by , ζα 2 (λ)β 2 τ 3 .
By using Gaussian hypergeometric functions, one knows that the subrepresentations σ m and σ N −m differ by a character, as in §3.4. Thus β 1 , β 2 are both algebraic. Meanwhile, σ 1 and σ 3 do not differ by a character. Thus, combining with Wüstholz's result we know that for a generic λ ∈ Q, the 4-dimensional abelian variety , which is isomorphic to the quaternion algebra H (5, 10, 10) , the quaternion algebra defined over Q( √ 5) with discriminant p 2 .
7.4. X . For the curve y 5 = x(1 − x) 4 (1 − 2x), from Galois perspective, its L-function is expected to be related to two Hilbert modular forms, which differ by embeddings of Q( √ 5) to C. From numeric data, we identified two Hilbert modular forms, which are labeled by Hilbert Cusp Form 2.2.5.1-500.1-a in the LMFDB online database [22] .
Here, we tabulate the local L-functions of the curve C : y 5 = x(1 − x) 4 (1 − 2x) with factorization over Q( √ 5), and the trace data for the Hilbert cusp forms for some small primes. 
